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I. INTRODUCTION

Fractional calculus originated in 1695 and almost at the same time as traditional calculus. Fractional calculus is considered
to be a useful tool for understanding and simulating many natural and artificial phenomena. It has developed rapidly in
different scientific fields in the past few decades, including not only mathematics and physics, but also engineering, biology,
economics and chemistry [1-13].

However, fractional calculus is different from traditional calculus. The definition of fractional derivative is not unique.
Common definitions include Riemann-Liouville (R-L) fractional derivative, Caputo fractional derivative, Grunwald-
Letnikov (G-L) fractional derivative, and Jumarie’s modified R-L fractional derivative [14-18]. Because Jumarie type of R-
L fractional derivative helps to avoid non-zero fractional derivative of constant function, it is easier to use this definition to
connect fractional calculus with traditional calculus.

In this paper, we obtain the formulas of any order fractional derivative of two types of fractional analytic functions:
(oD%)" [Ea(px)®¢ cosa(qx®)] &)
And
(0D8)" [Ex)®q sing (4x)]. &)

Where 0 < @ < 1, n is any positive integer, p,q are real numbers, p? + g # 0. Jumarie’s modified R-L fractional
derivative and a new multiplication of fractional analytic functions play important roles in this paper. In fact, our results are
generalizations of traditional calculus results.

Il. PRELIMINARIES
Firstly, we introduce the fractional calculus used in this paper and its properties.

Definition 2.1 ([19]): Let 0 < a < 1, and x, be a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional
derivative is defined by

(DO (O] = o 2 LOT o gy @)

I(1-a)dx “Xo (x—t)*
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where T'( ) is the gamma function. On the other hand, for any positive integer n, we define (XOD,?)n[f(x)] =
(sDE) (x,D%) = (1, DE)[f ()], the n-th order a-fractional derivative of f (x).

Proposition 2.2 ([20]): If a,B,x,, C are real numbers and 8 = a > 0, then

(e D)x = x)F] = 1320 (e = %), (4)

and
(x,D¥)IC] = 0. (5)
Next, the definition of fractional analytic function is introduced.

Definition 2.3 ([21]): Suppose that x, x4, and a; are real numbers for all k, x, € (a, b), and 0 < a < 1. If the function

fo:la, b] = R can be expressed as an a-fractional power series, that is, f,(x%) = Y- om (x — x¢)** on some open

interval containing x,, then we say that £, (x%) is a-fractional analytic at x,. In addition, if f,: [a, b] = R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then £, is called an a-fractional
analytic function on [a, b].

In the following, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([22]): Let 0 < @ <1, and x, be a real number. If f,(x%) and g,(x%*) are two a-fractional analytic
functions defined on an interval containing x; ,

fa) = Bt (6 = %0)*, ®)
9a(x®) = B mgirs (v = x0) @)
Then we define
fa(x)®q go(x*)
=Xk= 01"(ka+1)( - xo) ®u 2i= 0F(ka+1)( - )k“
w k o
= S0ty (o (1) Wemmbm) G = o). ®
Equivalently,
fa(xX*)® 4 Ga(x®)
— ak Bak o bk ak
= 2= 0k (F(a+1) (o = x0)° ) ®a Zi=op; k! (F(a+1)( —%o)* )
3 (B () ) (g e 0%) ™ ®
 4k=0p, m=0 m k-mm I(a+1) 0 .

Definition 2.5 ([23]): If0 < a < 1,and f,(x%), g,(x%) are two a-fractional analytic functions defined on an interval
containing x, ,

fa(x%) = Xic=o F(ka+1)( —x)" = XL 0k o (I‘(a+1)( N xO)a) o : (10)
9a(r) = B mo— (= 1) = N 2 (i = x)®) (11)
The compositions of f,(x%) and g, (x%) are defined by
(fi © 9 (¢ = fu(9a (X)) = B0 2 (92 (x) *", (12)
and
(Ga © f) (0D = gal(fu(x) = B0 2% (fux®)®". (13)
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Definition 2.6 ([24]): If 0 < a < 1, and x is a real variable. The a-fractional exponential function is defined by

ka Quk
ay — oo X R o 1°%) l 1 a @
B (x%) = X0 [(ka+1) Lk=o k! (F(a+1)x ) : (14)

On the other hand, the a-fractional cosine and sine function are defined as follows:

- o (_1)kx2ka _ o (—l)k 1 « Qq 2k
€03 (x%) = Yo r(2ka+1) Lic=0 (2k)! (I‘(a+1)x ) : (15)

and

(_1)kx(2k+1)0( o (—l)k ( 1 a)@q (2k+1)

) @ v _
sing (x%) = Xi=o r(2k+Da+1) k=0 (21 +1) \r(a+1) (16)

Definition 2.7 ([25]): Let0 < @ < 1, and f,(x%), go(x%) be two a-fractional analytic functions. Then (fa(x“))®”‘" =

fu(x)®y ++* By fo(x%) is called the nth power of f,(x*). On the other hand, if f,(x*)®, g.(x%) =1, then g, (x%) is
called the ®,, reciprocal of f,(x%), and is denoted by (fa(x“))®“(_1).

Definition 2.8: If the complex number z = p + iq, where p, q are real numbers, and i = v—1. p, the real part of z, is
denoted by Re(z); q the imaginary part of z, is denoted by Im(z).

I11. MAIN RESULTS AND EXAMPLES

In this section, we obtain any order fractional derivative of two types of fractional analytic functions. On the other hand,
some examples are given to illustrate our results. At first, we need a lemma.

Lemma 3.1: If n is any positive integer and p, g are real numbers, p? + g = 0. Then
(p+ig)" = (‘/p2 + qz)n - [cos(nB) + isin(nh)]. a7

q\ .
arctan (;) ifp#0,
Where 6 =

> ifp=0q>0,

-~ ifp=0gq<0.

Proof (p+ig)"

— . P j—1

- (\”’ T (W*‘W))

= () (Gt i)

= (,/pz + qz)n - (cosO + isind)™

= (V2 + qz)n - [cos(nB) + isin(nH)]. Q.ed.

Theorem 3.2: Let 0 < a < 1, n be any positive integer, p, g be real numbers, p2 + g2 # 0. Then

(0D2)" [Ea@x®)®q cosu(qx®)] = (VP2 + 02)" * [Eapx)®¢ [cos(n8) - cos,(qx) = sin(nb) - sing (qx)]]

(18)
arctan (%) if p#0,
Where 6 = % ifp=0,q>0,
—% ifp=0,q<0.
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Proof By Lemma 3.1,
(00%)" [Ea(px®)®q cosa(qx®)]
= (oD)"Re(E((p + iq)x))]
= Re ((oD£)"[Ea(( + ig)x)])
=Re((p +iq)" - E.((p + iq)x®))
=Re (VP2 +¢2) "+ [cos(n) + isin(nd)] - E,(px®)®q [cos, (qx®) + ising (x7)] )
= (VPP +47)" - [Ea(x)®q [cos(nB) - o5, (qx®) — sin(nd) - sing (qx)]| Qed.
Theorem 3.3: If 0 < a < 1, n is any positive integer, p, g are real numbers, p? + g% # 0. Then
(oD8)" [Epx)®0q sing(qx®)] = (VP7 +42)" - [Ea(px® [cos (n6) - sing(qx®) + sin(nd) - cosa(qx]| .
(19)
( arctan (g) ifp#0,
Where @ ={ g ifp=0,q>0,
\-7 #pr=04g<0,
Proof Using Lemma 3.1 yields
(0D9)"[Ea(px®)®, sing (qx)]
= (oD£)" Im(EL((p + ig)x))]
= 1m (( D%)" [Ea((® + i0)x)])
=Im((p +iq)" - Eo((p + iq)x®))
= Im ((W)" [cos(mB) + isin(n8)] - E,(px®)®,, [cos, (qx®) + isina(qx“)])
= (VP2 + 02" - [Ea(px®)® [cos(nB) - sing (qx%) + sin(nd) - cosq (qx)]]. Qed.
Example 3.4: Suppose that 0 < a < 1, then

( 0D§)17[Ea(2x“)®a 05, (3x%)]
= (\/ﬁ)17 . [Ea(Zx“)®a [cos (17 - arctan G)) - c05,(3x%) — sin (17 - arctan G)) . sina(3x“)]]. (20)
And

( OD,‘é‘)n[Ea(él-x“)@a sina(Sx“)]
= (\/H)ll . [Ea(4x“)®a [cos (11 -arctan (Z)) +sing (5x%) + sin (11 -arctan (%)) . cosa(Sx“)]]. (21)

IV. CONCLUSION

In this paper, the formulas of any order fractional derivative of two types of fractional analytic functions are obtained.
Jumarie’s modified R-L fractional derivative and a new multiplication of fractional analytic functions play important roles
in this article. In fact, our results are generalizations of classical calculus results. In the future, we will continue to study the
problems in engineering mathematics and fractional differential equations by using our methods.
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